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Euclidean coordinate-space approach to aHLbL
µ

Quark Wick contraction topologies

aHLbL
µ =

me6

3

∫
d4y︸ ︷︷ ︸

=2π2|y|3d|y|

[ ∫
d4x L̄[ρ,σ];µνλ(x, y)︸ ︷︷ ︸

QED

iΠ̂ρ;µνλσ(x, y)︸ ︷︷ ︸
QCD

]
.

iΠ̂ρ;µνλσ(x, y) = −
∫
d4z zρ

〈
jµ(x) jν(y) jσ(z) jλ(0)

〉
.

I L̄[ρ,σ];µνλ(x, y) computed in the continuum & infinite-volume

I no finite-volume effects from the photons & affordable way (1d integral) to
sample the integrand for the fully connected contribution.
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HLbL Master Formula

master formula

aµ = F2(0) =
me6

3

Z

y

Z

x

L[⇢,�];µ⌫�(x , y)i⇧⇢;µ⌫��(x , y)

four-point function

i⇧⇢;µ⌫��(x , y) = �
Z

z

zp

⌦
jµ(x)j⌫(y)j�(z)j�(0)i

kernel function

L[⇢,�];µ⌫�(x , y)
weights the position-space vertex

shall be precomputed and stored
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From [I].
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Notation: perturbation theory in Euclidean coordinate-space

Scalar propagators:

G0(x) =
1

4π2x2
, Gm(x) =

m

4π2|x|K1(m|x|).

Fermion propagator:

S(x) ≡
∫

d4p

(2π)4
−ipµγµ +m

p2 +m2
eipx =

m2

4π2|x|

[
γµxµ

K2(m|x|)
|x| +K1(m|x|)

]
,

Un(z) = Chebyshev polynomials of the second kind:

U0(z) = 1, U1(z) = 2z, Un+1(z) = 2zUn(z)− Un−1(z) (n ≥ 1),

Key property: orthogonal basis on S3; if ε̂ is a unit vector〈
Un(ε̂ · x̂) Um(ε̂ · ŷ)

〉
ε̂

=
δnm
n+ 1

Un(x̂ · ŷ).
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Explicit form of the QED kernel

L̄[ρ,σ];µνλ(x, y) =
∑

A=I,II,III

GAδ[ρσ]µανβλT
(A)
αβδ(x, y),

with e.g.

GIδ[ρσ]µανβλ ≡ 1

8
Tr
{(
γδ[γρ, γσ] + 2(δδσγρ − δδργσ)

)
γµγαγνγβγλ

}
,

T
(I)
αβδ(x, y) = ∂(x)

α (∂
(x)
β + ∂

(y)
β )Vδ(x, y),

T
(II)
αβδ(x, y) = m∂(x)

α

(
Tβδ(x, y) +

1

4
δβδS(x, y)

)
T

(III)
αβδ (x, y) = m(∂

(x)
β + ∂

(y)
β )
(
Tαδ(x, y) +

1

4
δαδS(x, y)

)
,

S(x, y) = ḡ
(0)

(|x|, x̂ · ŷ, |y|), (1)

Vδ(x, y) = xδ ḡ
(1)

(|x|, x̂ · ŷ, |y|) + yδ ḡ
(2)

(|x|, x̂ · ŷ, |y|), (2)

Tαβ(x, y) = (xαxβ −
x2

4
δαβ) l̄

(1)
+ (yαyβ −

y2

4
δαβ) l̄

(2)
+ (xαyβ + yαxβ −

x · y
2

δαβ) l̄
(3)
. (3)

The QED kernel L̄[ρ,σ];µνλ(x, y) is parametrized by six weight functions.
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Sketch of the derivation

F̂2(0) = − i

48m
Tr {[γρ, γτ ] (−ip/+m)Γρτ (p, p)(−ip/+m)},

Γρσ(p, p) = −e6
∫
x1,x2

Kµνλ(x1, x2, p) Π̂ρ;µνλσ(x1, x2),

Kµνλ(x1, x2, p) = γµ(ip/+ ∂/(x1) −m)γν(ip/+ ∂/(x1) + ∂/(x2) −m)γλ I(ε̂, x1, x2),

I(ε̂, x, y) =

∫
q,k

1

q2k2(q + k)2
1

(p− q)2 +m2

1

(p− q − k)2 +m2
e−i(qx+ky).

With p = imε̂. From [III]. Diagrammatic representation of I(ε̂, x, y):
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The scalar function I(ε̂, x, y)

I(ε̂, x, y) =

∫
u

G0(u− y) J(ε̂, u) J(ε̂, x− u),

J(ε̂, y) ≡
∫
u

G0(y − u) emε̂·uGm(u) =
∑
n≥0

zn(y2) Un(ε̂ · ŷ),

S(x, y) =

∫
u

G0(u− y)s(x, u), (IR regulated)

Vδ(x, y) =

∫
u

G0(u− y)vδ(x, u),

Tβδ(x, y) =

∫
u

G0(u− y)tβδ(x, u),

where

s(x, u) =
〈
J(ε̂, u)J(ε̂, x− u)

〉
ε̂

=
∞∑
n=0

zn(u2)zn((x− u)2)
Un(û · x̂− u)

n+ 1
,

vδ(x, u) =
〈
εδ J(ε̂, u)J(ε̂, x− u)

〉
ε̂

= . . .

tβδ(x, u) =
〈(
ε̂δ ε̂β −

1

4
δβδ
)
J(ε̂, u)J(ε̂, x− u)

〉
ε̂

= . . .
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Example: Form Factor g2

ḡ (2)(x2, x · y , y2) =
1

8⇡y2|x | sin3 �

Z 1

0
du u2

Z ⇡

0
d�1

⇢
2 sin� +

✓
y2 + u2

2|u||y | � cos� cos�1

◆
Log

sin�1

� 1X

n=0

�
zn(|u|)zn+1(|x � u|)


|x � u| cos�1

Cn

n + 1
+ (|u| cos�1 � |x |) Cn+1

n + 2

�

+ zn+1(|u|)zn(|x � u|)

(|u| cos�1 � |x |) Cn

n + 1
+ |x � u| cos�1

Cn+1

n + 2

�  

where

x · y =|x ||y | cos� , |x � u| =

q
|x |2 + |u|2 � 2|x ||u| cos�1

Log = log
y2 + u2 � 2|u||y | cos(� � �)

y2 + u2 � 2|u||y | cos(� + �)
, Cn = C

(1)
n

⇣ |x | cos�1 � |u|
|u � x |

⌘

zn =linear combination of products of two modified Bessel functions.
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From [I]. Reminder: Vδ(x, y) = xδ ḡ
(1)(|x|, x̂ · ŷ, |y|) + yδ ḡ

(2)(|x|, x̂ · ŷ, |y|).
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Complete set of weight functions: |x| dependence

0 2 4 6 8 10 12

2 · 10−4

3 · 10−4

4 · 10−4

|x|
fm

m
2 µ
g
(0

)
(|x
|,|
y
|=

0.
5
06

fm
,c
os
β
) cosβ = −0.15625

cosβ = 0.31250
cosβ = 0.87500

0 2 4 6 8 10 12

5 · 10−6

1 · 10−5

1.5 · 10−5

2 · 10−5

2.5 · 10−5

|x|
fm

m
µ
g
(1

)
(|x
|,|
y
|=

0.
5
0
6
fm
,c
o
s
β
) cosβ = −0.15625

cosβ = 0.31250
cosβ = 0.87500

0 2 4 6 8 10 12

0

5 · 10−7

1 · 10−6

1.5 · 10−6

2 · 10−6

|x|
fm

m
µ
g
(2

)
(|x
|,|
y
|=

0.
50

6
fm
,c
os
β
)

cosβ = −0.15625
cosβ = 0.31250
cosβ = 0.87500

0 2 4 6 8 10 12

5 · 10−7

1 · 10−6

1.5 · 10−6

2 · 10−6

|x|
fm

l(
1
)
(|x
|,|
y
|=

0.
50
6
fm
,c
os
β
)

cosβ = −0.15625
cosβ = 0.31250
cosβ = 0.87500

0 2 4 6 8 10 12

4 · 10−7

6 · 10−7

8 · 10−7

|x|
fm

l(
2
)
(|x
|,|
y
|=

0.
50
6
fm
,c
os
β
)

cosβ = −0.15625
cosβ = 0.31250
cosβ = 0.87500

0 2 4 6 8 10 12

−4 · 10−7

−3 · 10−7

−2 · 10−7

−1 · 10−7

|x|
fm

l(
3
)
(|x
|,|
y
|=

0.
50
6
fm
,c
os
β
)

cosβ = −0.15625
cosβ = 0.31250
cosβ = 0.87500

ḡ(0)(|x|, x̂ · ŷ, |y|) contains an arbitrary additive constant (due to the IR
divergence in I(ε̂, x, y)), which does not contribute to L̄[ρ,σ];µνλ(x, y).
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Tests: contribution of the π0 to aHLbL
µ

From [III]. Dashed line = result from momentum-space integration
(Knecht & Nyffeler PRD65, 073034 (2001)).

I Contribution is perhaps surprisingly long-range.

I The observation depends to some extent on the precise QED kernel used.

I The integrand can be roughly described by the form
(c1|y|4 + c2|y|2)e−mπ|y|.
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Long-distance behaviour of the QED kernel

S(x, y) =

∫
u

Gmγ (u− y)s(x, u), (send mγ → 0 later)

i.e. −∆yS(x, y) = s(x, y). From here, now setting mγ = 0,

−∆yS(x→∞, y → 0) = − 1

32π4m|x| (−1 + γE + log(m|y|/2)),

−∆yS(x = 0, y →∞) =
1

192π2m2y2
,
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More explicitly: the π0 pole contribution

Assume a vector-meson-dominance transition form factor (parameters: mV ,
mπ and overall normalization)

F(−q21 ,−q22) =
c

(q21 +m2
V )(q22 +m2

V )
, c = − Ncm

4
V

12π2Fπ
.

iΠ̂ρ;µνλσ(x, y) =
c2

m2
V (m2

V −m2
π)

∂

∂xα

∂

∂yβ

{
εµναβεσλργ

( ∂

∂xγ
+

∂

∂yγ

)
Kπ(x, y)

+εµλαβενσγρ
∂

∂yγ
Kπ(y − x, y) + εµσαρενλβγ

∂

∂xγ
Kπ(x, x− y)

}
.

where

Kπ(x, y) ≡
∫
d4u
(
Gmπ (u)−GmV (u)

)
GmV (x− u)GmV (y − u) = Kπ(y, x).
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The lepton loop (mass m): fully analytic result for iΠ̂ρ;µνλσ(x, y)

iΠ̂ρ;µνλσ(x, y) = Π̂
(1)
ρ;µνλσ(x, y)

+Π̂
(1)
ρ;νλµσ(y − x,−x) + xρ Π

(r,1)
νλµσ(y − x,−x)

+Π̂
(1)
ρ;λνµσ(−x, y − x) + xρ Π

(r,1)
λνµσ(−x, y − x).

Π
(r,1)
µνλσ

(x, y)

= 2
( m

2π

)8[ (−xα)(x − y)β K2(m|x|)K2(m|x − y|)

|x|2|x − y|2
· lγδ(y) · Tr{γαγµγβγνγγγσγδγλ}

+
K1(m|x|)K1(m|x − y|)

|x||x − y|
· p(|y|) · Tr{γµγνγσγλ}

+
(−xα)(x − y)β K2(m|x|)K2(m|x − y|)

|x|2|x − y|2
· p(|y|) · Tr{γαγµγβγνγσγλ}

+
(−xα) K2(m|x|)K1(m|x − y|)

|x|2|x − y|
· qγ (y) · Tr{γαγµγνγγγσγλ}

+
(x − y)β K1(m|x|)K2(m|x − y|)

|x||x − y|2
· qγ (y) · Tr{γµγβγνγγγσγλ}

+
(−xα) K2(m|x|)K1(m|x − y|)

|x|2|x − y|
· qδ(y) · Tr{γαγµγνγσγδγλ}

+
(x − y)β K1(m|x|)K2(m|x − y|)

|x||x − y|2
· qδ(y) · Tr{γµγβγνγσγδγλ}

+
K1(m|x|)K1(m|x − y|)

|x||x − y|
· lγδ(y) · Tr{γµγνγγγσγδγλ}

]
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The lepton loop (continued)

Π̂
(1)
ρ;µνλσ

(x, y)

= 2
( m

2π

)8[ (−xα)(x − y)βK2(m|x|)K2(m|x − y|)

|x|2|x − y|2
· fρδγ (y) · Tr{γαγµγβγνγγγσγδγλ}

+
K1(m|x|)K1(m|x − y|)

|x||x − y|
· fρδγ (y) · Tr{γµγνγγγσγδγλ}

+
K1(m|x|)K1(m|x − y|)

|x||x − y|
gρ(y) · Tr{γµγνγσγλ}

+
(−xα)(x − y)β K2(m|x|)K2(m|x − y|)

|x|2|x − y|2
gρ(y) · Tr{γαγµγβγνγσγλ}

+
(−xα) K2(m|x|)K1(m|x − y|)

|x|2|x − y|
hργ (y) · Tr{γαγµγνγγγσγλ}

+
(x − y)β K1(m|x|)K2(m|x − y|)

|x||x − y|2
hργ (y) · Tr{γµγβγνγγγσγλ}

+
(−xα) K2(m|x|)K1(m|x − y|)

|x|2|x − y|
f̂ρδ(y) · Tr{γαγµγνγσγδγλ}

+
(x − y)β K1(m|x|)K2(m|x − y|)

|x||x − y|2
f̂ρδ(y) · Tr{γµγβγνγσγδγλ}

]

lγδ(y) =
2π2

m2

(
ŷγ ŷδ K2(m|y|) − δγδ

K1(m|y|)

m|y|

)
, hργ (y) =

π2

m3

(
ŷγ ŷρ m|y|K1(m|y|) − δγρK0(m|y|)

)
,

f̂ρδ(y) =
π2

m3

{
ŷρŷδ m|y|K1(m|y|) + δρδK0(m|y|)

}
qγ (y) =

2π2

m2
ŷγ K1(m|y|),

fρδγ (y) =
π2

m3

{
ŷγ ŷδŷρ m|y|K2(m|y|) + (δρδŷγ − δγρŷδ − δγδŷρ)K1(m|y|)

}
, p(|y|) =

2π2

m2
K0(m|y|). (4)
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Part B) Implementation on the lattice

The vector four-point function for a free fermion:

I Wilson fermion action and local currents, jµ(x) = ψ̄(x)γµψ(x).

I Improvement and renormalization: m = mR = mq

(
1− 1

2
amq

)
, ZV = 1,

bV = 1, cV = 0. Discretization errors are O(a2).

I Goal: compute Πµνασ(x, y, z)/m12 in the continuum, infinite-volume limit
from the lattice.

I The fermion mass m sets the scale, tunable parameters are am and mL.

I Choice: L4 lattices, L/a = 32, 64, 80, 96, am = 0.017, . . . , 0.050,
mL = 1.6, . . . , 4.8.

z = (0, 0, 0, d) , y = (0, 0, d, d) , x = (0, 0, d, 0) , d =
1

2m
.
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The vector four-point function on the lattice

−9

−8

−7

−6

−5

−4

−3

−2

0 0.0005 0.001 0.0015 0.002 0.0025 0.003

Lmπ = 1.6

L = ∞

S = (
∑

µνασ Πµνασ)/m
12
R

(am)2

I Πµνασ(x, y, z) = Z4
V (1 + bV amq)

4 〈Jµ(x)Jν(y)Jα(z)Jσ(0)〉
I Extrapolation used: S(a, L) = S(0,∞) + αa2 +

(
β + γ

L

)
e−2mL

I Lesson: L/a = 32 is insufficient to control both the infinite-volume and
continuum extrapolation.
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The integrated four-point function

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

0 0.2 0.4 0.6 0.8 1

a2

−i Π̂[ρ;µνλσ](x, y) =

∫
d4z z[ρ〈Jµ(x)Jν(y)Jλ(0)Jσ](z)〉 ,

I Goal: compute −iΠ̂[ρ;µνλσ](x, y)/m7 in the continuum and infinite-volume
limit. Here: a linear combination of the components is taken.

I x = (0, 0, d,−d) and y = (0, 0, d, d), d = 1
5m

.
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A variation on the strategy (in preparation)

L̄[ρ,σ];µνλ(x, y) =

36∑
B=1

τBρσµνλ(x, y) FB(|x|, cβ , |y|)

aHLbL
µ =

me6

3

36∑
B=1

∫
d4y︸ ︷︷ ︸

=2π2|y|3d|y|

∫
d4x︸ ︷︷ ︸

=4π
∫ π
0 sin2(β)

∫∞
0 d|x| |x|3

FB(|x|, cβ , |y|)︸ ︷︷ ︸
QED

[
τBρσµνλ(x, y) iΠ̂ρ;µνλσ(x, y)︸ ︷︷ ︸

QCD

]
.

τ
1
ρσµνλ(x, y) = δµν(xρδσλ − xσδρλ),

τ
2
ρσµνλ(x, y) = δµλ(xρδσν − xσδρν),

τ
3
ρσµνλ(x, y) = δλν(xρδσµ − xσδρµ),

τ
4
ρσµνλ(x, y) = (δρνδσµ − δρµδσν)xλ,

τ
5
ρσµνλ(x, y) = (δρλδσν − δρνδσλ)xµ,

τ
6
ρσµνλ(x, y) = (δρµδσλ − δρλδσµ)xν , . . .
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Conclusion

I The covariant position-space method still looks like a promising approach.
We plan to make the QED kernel publicly available.

I Tests of the QED kernel: π0 pole, fermion loop.

I The π0 contribution is very long-range, but with the π0 contribution
calculated, we hope to be able to correct for the finite-size effects on this
contribution, by computing the transition form factor on the same
ensemble (Antoine’s talk).

I A parallel activity: analysis of the eight forward light-by-light scattering
amplitudes, constraining the resonance transition form factors (with
V. Pascalutsa; talk by A. Gérardin at Lattice 2017).
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